Explicit field realizations of W algebras 
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The fact that certain non-hnear W2,s algebras can be hnearized by the inclusion of a spin-1 current 
can provide a simple way to realize W2,s algebras from linear Wi,2,s algebras. In this paper, we 
first construct the explicit field realizations of linear W^i,2,s algebras with double-scalar and double- 
spinor, respectively. Then, after a change of basis, the realizations of W2,s algebras are presented. 
The results show that all these realizations are Romans-type realizations. 
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I. INTRODUCTION 

After the fundamental work of Zamolodchikov fll| in 
the middle of the 1980's, W algebras have attracted much 
attention since they uncover some underlying world-sheet 
symmetries of strings. Many W algebras are known (for 
review see 0) and much work has been carried out on 
their classification [1, 0) S @]- W algebras have many 
applications and become the subject of great interest in 
many branches of physics and mathematics, e.g., in W 
gravity theories critical and non-critical W string 

theories d, [l0| . Wess-Zumino-Novikov-Witten(WZNW) 
models [ll|, [ij, , quantum Hall effect , and espe- 
cially in black holes jlSl . [iGj . where it was shown that 
the Hawking radiation can be explained as the fluxes of 
chiral currents forming a W^a algebra. 

As we know, W algebras arise from Kac-Moody alge- 
bras, which are related to classical Lie algebras. Various 
free field realizations of W algebras have been extensively 
studied [13, d, [M HII, HS, HI, Hi . At quantum level, 
W algebras are usually non-linear, which makes it very 
difficult to give the field realizations of them. The cor- 
responding W strings were first investigated in Ref. [1^ 
and have been extensively developed since then. Much 
research on the scalar realizations of W2 s strings has 
been done [H Hz, 28, 29, 30, HH, [H, IM HJ. Most 
of which are based on the grading method, where the 
BRST charge of W2.S strings is written in the form of 
Qb = Qo + Qi- This provides an easy way to construct 
W2,s strings, while it imposes more constrain conditions 
on the BRST charge. Under the supposition that this 
grading form still holds true for spinor field realizations, 
the corresponding works had been done [H, HI, [13, HI] . 

Furthermore, many investigations have been focused 
on understanding the structure of W algebras [H, HO, 
l4ll . |43 | . It was shown that linear Lie algebras with finite 
number of currents may contain some non-linear W al- 
gebras with an arbitrary central charge as subalgebras. 
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Especially for W2,s algebras, they can be linearize d by 
the inclusion of a spin-1 current at s = 3 and 4 [39|. 
After performing a non-linear change of basis, W^2,s alge- 
bras can be recast into the form of linear algebras. But 
for the spin-s current Wq, one has Wq{z)Wo{uj) ~ 0, 
which indicates that Wo is a null current. It is exciting 
that this shines some light on the realizations of the non- 
linear W2,s algebras. After constructing the linear bases 
of Wi^2,s algebras and making a change of basis, we can 
obtain the realizations of the non- linear M^2,s algebras. In 
fact, the spin-s current Wq can be set to zero, which will 
give a Romans-type realization of M^2,s algebras. How- 
ever, in [3^, it was shown that the null current Wo does 
not need to be set to zero and was first realized with 
parafermionic vertex operators. It also can be found in 
[37l . [40L I4H that the null current Wo was realized with 
the ghost-like fields. In this paper, we will construct the 
linear bases of the Wi_2,s algebras with double-scalar and 
double-spinor, respectively. Through a change of basis, 
we obtain some new realizations of the non-linear W2,s 
algebras. All these results show that there exists no non- 
Romans-type realization with double-scalar or double- 
spinor only. However, we still expect that there exist 
non-Romans-type realizations of W algebras at some spe- 
cial values of central charge. 

The paper is organized as follows. In sectionlHl we give 
a brief review and analysis of the realizations of the W2,s 
algebras and the W2,s strings. Then in section [1111 we in- 
troduce the linearization of the W2.S algebras. In sections 
IIVI and fVl we construct the bases of the linear Wi,2,s al- 
gebras and obtain new realizations of the W2,s algebras 
with double-scalar and double-spinor, respectively. Fi- 
nally, the paper ends with a brief conclusion. 



II. NOTE ON THE REALIZATIONS OF THE 
W2,s ALGEBRAS AND THE W2,s STRINGS 

It is known that when extended to the quantum case, 
the W2,s algebras will become non-linear. The OPE of 
two currents with spin s and s' produces terms with spin 
{s + s' — 2) at leading order. For example, there will be 
terms with spin-4 and spin-6 currents in the OPEs of the 
1^2,3 algebra and the W2,4 algebra, respectively. How- 



ever these terms with spin (s + s' — 2) may be interpreted 
as composite fields buih from the products of the funda- 
mental currents with spin s and s' . The ^2,3 algebra is 
generated by the spin-2 energy-momentum tensor T and 
spin-3 current W, which satisfy the OPEs Jj] 
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where the coefficient 8 and composite field A (spin 4) are 
given by 
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The constant C is the central charge of the W^2,3 algebra. 
It is easy to see that the denominator of 8 at C = — ^ 
will be zero and the W2,3 algebra will become singular. 
But one can rescale these currents such that the corre- 
sponding OPEs are well defined, i.e., there have no di- 
vergent coefficients in them (for the detailed discussion 
see lHlil). 

The W2,4 algebra is given by [i^ 



T(z)T{^) r. 

T{z)W{uj) r- 

W{z)W{uj) 
2T 



C/2 



2T 



(z — Lo)^ (z — a;)2 
4W dW 



dT 



z — UJ 



(z — Lj)'^ Z — ' 

dT 



(3) 



{z-wY {z-ujY 
1 d^T 1 d'^T 



{z-uY 
1 d^T 

T5(z- w)3 ^ 84(z-w)2 ^ 560 (z-w) 
1 dU 5 d'^U 1 d^U 



2 {z^ojY 36 {z-Luy 
1 dW 5 d^W 

+(r2{ + 



-1-0-4 



-0-5 



2 {z-ujf 36 (z- w)2 
G 1 dG 



36 (z — tj) 
1 d^W 
36 (z — Lo) 









A 












-tj)2 



1 dA 



1 as 



(z-w)2 2{z-uj)] {z-u) 



C/4 



where the composite fields U , G, A and B are defined by 

[/ = (TT) - — (92r, 
^ ^ 10 

G = (92Tr) - 9((9rr) + ^d^iTT) - (4) 

A = (Tf/) - ia^t/, B = (TW) - -d^W, 
6 6 

with normal ordering of products of currents understood. 
The coefficients ai {i — 1 — 5) are 
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It is worth to point out that, just as the 1^2,3 algebra, the 
14^2,4 algebra is singular at C = -24, 5, and -y-. 
After rescaling the spin-4 current W, it can be proved 
that only the case C = — 24 satisfies the Jacobi identity 

III general, the BRST charge Qb for a W2,s string is 

Mm 
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where the currents T and W generate the corresponding 
W2,s algebra, and the fermionic ghosts (6, c) and (/3,7) 
are introduced for the currents T and W, respectively. It 
is easy to prove that the BRST charge given above does 
satisfy the nilpotency condition: 



QI = {Qb,Qb} = o. 



(7) 



A realization for a W^2,s algebra means giving an ex- 
plicit construction of the bases T and W from the basic 
fields, i.e., scalar fields, spinor fields, or ghost fields. Giv- 
ing a realization for a non-linear algebra is difficult and 
complex. For simplicity, Qb can generally be expressed 
as the grading form in many works: 



(8) 
(9) 

(10) 



where the currents T and W generate the W2,s alge- 
bras. The detailed construction of the current T can 
be found in (47j . where T was constructed from scalar, 



Qb — Qo + Qi, 
Qo -= {dzcT, 

dzjW, 
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spinor, and ghost fields. Here the ghost fields b, c, /3, 7 
are all fcrmionic and anticommuting. They satisfy the 
OPEs 



b{z)c{L0) 
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in other cases the OPEs vanish. The nilpotency condition 
of Qb become 



Qo = 0? = {Qo,Qi} = o. 



(12) 



Although it is easy to construct the W2,s strings in this 
grading form, one may note that this gives more con- 
straint conditions on Q^. 

One also note that if we obtain a realization for a W2,s 
algebra, the BRST charge Qb of the corresponding W2,s 
string will be obtained by substituting the explicit forms 
of currents T and W into IB]). 



III. LINEARIZATION OF THE W2.S ALGEBRAS 
FROM THE Wi,2,s ALGEBRAS 

It is shown that the W2,s algebras can be linearized as 
the linear Wi,2,s algebras generated by currents J, T and 
W with spin 1, 2 and s respectivel y. The linear Wi,2,s 
algebras for s = 3, 4 take the forms [33 | 
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The coefficients Cq, Ci and ^ are given by 

Co = 50 + 24^2 + ^, Ci = -\/6(t+ -), 



Co = 86 + SOt^ + 
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where i is a non-zero constant. From these OPEs p3)) . it 
is clear that the current Wo is a primary field with spin s, 
while the current Jo is not unless Ci = 0. Here the spin-s 
current Wo is null, and we will construct the most general 
forms of it in next section. The results there show that 
Wo is zero. It also can be seen that every term on the 
right hand side of the OPEs To{z)Wo{u}) and Jo{z)Wo 
has Wo, so one can consistently set it to zero, though it 



does not need to set to zero. In [39|, the null current was 
first realized with parafermionic vertex operators, and 
later was realized with the ghost-like fields [s^, SO, EH . 

The bases T and W of W2,s algebras were constructed 
by the linear bases of the Wi^2,s algebras in our previous 
paper [s^]. For simplicity, we choose < = — 1, T and W 
are given by 
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W 
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where cl — \J In this case, T — To implies that the 
central charges of the linear Wi,2,s algebras and the IV2,s 
algebras are equal, i.e. C = Co- One can also shift it 
with an arbitrary constant Ce/ / , the center charge of an 
effective energy-momentum tensor T^f / , and rewrite the 
non-linear basis as T = To -I- Tej / . Here, we have shown 
that Wi,2,s algebras (fT5|) are linear and contain the W2,s 
algebras as subalgebras. But one needs to keep in mind 
that this linearization does not contain the case C = — ^ 



-24, 



for W2,3, and the cases C — -^,2' 
W2,4, for which these algebras are singular 
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IV. DOUBLE-SCALAR REALIZATIONS FOR 
THE LINEAR Wi,2.s ALGEBRAS AND THE W2,s 
ALGEBRAS 

In this section, we would like to construct the bases 
of the linear Wi^2,s algebras with double-scalar. Using 
the fact that the W2.S algebras are contained in the lin- 
ear Wi^2.s algebras as subalgebras, we can obtain new 
realizations for the W2,s algebras by a change of basis. 



A. Realizations for the Wi,2,3 algebra and the W2.3 
algebra 

First of all, we notice the relation between Co and Ci 
for s = 3 shown in (fT4l): 



Co = 2 + ACf. 



(18) 



The scalar field has spin in confornial field theory, and 
the OPE of it with itself is given by 



(z)0(w) - ln(z - uj), 



(19) 
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or expressed as 

d<j>iz)dcj,iu;) ^ ~ ^ (20) 

(z — Luy 

One needs to note that the field here is real. If </? is 
a complex scalar field, it is easy to prove that the OPE 
will be of the form 

V^y-- , ^ (21) 

in other cases the OPEs vanish. 

Now we consider two real scalar fields (pi and 02- The 
OPEs of them with each other are read as 

dMz)d<j,A^) ^ - (*,J = 1,2). (22) 

[Z U)) 

We would like to construct the explicit forms for the lin- 
ear bases of the W^i,2,3 algebra. The most general form 
of the basis Tq can be expressed as 

Tq — Teff + giT^j + g2T^2 + 5370102 : (23) 

where T^f f is an effective energy- momentum tensor with 
central charge Ce/ / . The introduction of f will ensure 
the nontriviality of the solutions. T^^ and T^^ are spin- 
2 energy-momentum tensors constructed from fields 
and 4>2, respectively, and T^^^^ is constructed from these 
two scalar fields. The construction is 

T^, = -^{d^i)' - qid^cj^i, (24) 

=-i(a02)'-929'</'2, (25) 

^0102 = d(j>id(j)2, (26) 

where qi and 92 are the background charges of T^^ and 
respectively. The other two linear bases are given 

by 

Jo = g4d(j)i + g5d(t)2, (27) 
Wo = gedTeff + gYTeffd(j>i + gsTeffd(l)2 + 59i9^0i 
+ gio{d(f>if + giid^cj)idcj)i + gi2d^cj)2 
+ 513(502)^ + gi4d^cl)2d(l)2 + gi5(d<l>ifd(l)2 
+ gwd<f>i{d^2f + gnd''<Pid<j)2 + gi8d<Pid^<f)2. (28) 

Plugging these linear bases into the OPEs relations (fT3|) . 
we could obtain all the coefficients. One can see that the 
constant t appeared in (jl4p does not take zero, which 
determines ^ 7^ 0. This leads to a main result 

5i = for i = 6 - 18, (29) 

which means that the current Wq is zero. After carefully 
calculation, we obtain two solutions: 

• Solution 1 

51 =.92 = 1, .93 = 0, g4 gg = ^/i, 

Ci - 2V2/^, Ce// - 8, Co - 34, 
gi = 92 = -1, 



• Solution 2 

51 = .92 = -.93 = 5, .94 = .95 = ^h, 
Ci=2V2h, Ce//=9, Co -34, 
91 = 92 = -2, 

where h satisfies h? — 1. The main difference between 
above two solutions is whether the energy-momentum 
tensor T^^^a vanishes. In Solution 1, the term T^^^a docs 
not appear. However, in Solution 2, the contribution of 
the term T^^^2 to central charge is ^. 

Having found two realizations of the linear 14^i_2,3 al- 
gebra, we substitute the exact forms of the linear bases 
To and Jo into (|16p and obtain two new realizations of 
the W2,3 algebra. The first realization is 

T = T,ff + (901)2 - ia^^i + (902)' - ^9^02, (30) 

W = ^(^6/ire//90i-l-6/ire//902-/i(90i)3 

+3h (901)2^02 + 9/1 901(902)2 

+ {6h - UVS) 9019^02 - h (902)^ 

+ {6h - 6%/3) 9^01901 -I- {6h - 12V3)920i902 

+ {6h - eVs) 9^02902 - 6\/3 dTeff 

+ (24h-6V3)d^(j)i + {6h-6V3)d^(j)2^, (31) 

and the second one reads 
T = T,ff + (90i)2 - ^9201 + (902)2 

-^9202 - ^901902, (32) 

W = ^(^12/lTe//901-f mTe//902 

+3h 901 (902)2 + (I2V3 + Uh) 920i90i 
+ {12h - 18\/3) 90i9202 + h (902)^ 
-2h (90i)3 + (12/1 - 18\/3)920i902 
+ {12h - 18%/3) 9202902 - 12 V3 9Te// 

+ {51h - I2V3) 9^01 + {48h - 12V3) 9^02^ , (33) 

where h satisfies h? = 1. Note that, although T^^^^ is ab- 
sent in the first realization, the energy-momentum tensor 
T in both realizations has central charge C — 34. If plug- 
ging these realizations into ([5]), one will get the BRST 
charges for the W2.3 string. 

B. Realizations for the Wi.2,i algebra and the W2,a 
algebra 

For the linear M^i.2,4 algebra, the relation between Cq 
and Ci is 

Co = 1 + ^(85Ci2 - hCih^-AS + C2). (34) 
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Next, we would like to construct the explicit forms of 
the linear bases of the Wi,2.4 algebra. The most general 
forms of bases Tq and Jq are 



Tq - flTeff 



hd(j)2, 
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where the energy-momentum tensors T^^, T^^ and T^j^, 
are given by 
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For the linear basis Wq with spin 4, the calculation shows 
that Wo ~ 0. Under this case, the current W of the W2,4 
algebra is constructed from the linear bases Tq and Jq 
only. Plugging these linear bases into the OPEs (fT3|) , we 
obtain two solutions, where the energy-momentum tensor 
Teff vanishes in both cases. These solutions are listed as 
follow: 

• Solution 1 

/l=0, /2 = ./3 = l, /4 = 0, /5 = /6 = ^/^, 



Ci = i^/2h, Co = -4, 



Solution 2 
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where h? — 1. It is clear that /i = in both solutions and 
this means the vanishing of the energy-momentum ten- 
sor Teff- Therefore, Ce// = 0. The coefficient /4 = in 
Solution 1 implies that T0j02 vanishes, however, it does 
not vanish in Solution 2. One may also note that the 
central charge Co in both solutions is negative, which is 
different from the case of the Wi,2,3 algebra. The back- 
ground charges 93 and 54 of T^^ and T^^ are all imaginary 
number. 

After constructing the explicit forms of the linear bases 
To and Jo, we would like to substitute them into (|17[) 
and obtain new realizations for the W2,4 algebra. The 
realization constructed from Solution 1 is 
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+613(5' 02)' + bud^(bid(j)i + bi5d^(l}id^2 
+bied^cj,2d(l>2 + bndUi + 6185^2- (41) 
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where a - 

Solution 2 gives a realization of the linear Wi^2A alge- 
bra with central charge Co = —24, which is singular and 
could not be used to construct the W2,4 algebra. But it 
is indeed a reahzation of the Wi,2,4 algebra. 



V. DOUBLE-SPINOR REALIZATIONS FOR 
THE LINEAR Wia.s ALGEBRAS AND THE W2,s 
ALGEBRAS 

In this section, we would like to construct the bases of 
the linear Wi.2,s algebras with double-spinor. The new 
realizations for the W2.S algebras can be obtained after a 
change of bases. 



A. Realizations for the M^i,2,3 algebra and the W2,3 
algebra 

A spinor field has spin i in conformal field theory, and 
the OPE ^{z)ip{uj) is given by 

1 



^p{z)ij{u;) 



(42) 



Z — LU 

We denote two real spinor fields as ^1 and 1^2 , and they 
satisfy 



V'j(2:)V'i(w) 



(z,j = l,2). (43) 
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Next, we would like to construct the explicit forms of 
the linear bases for the VFi_2.3 algebra. The most general 
forms of To, Jq and Wq can be expressed as 

To — Teff + hiT^^ + /i2?V'2 + IT'3T^i4>2! 
Jo = hiM2, (44) 
Wo = h^d'^i^iipi + Kd'^il)2il^2 + h-jd'^i}jiip2 

+ hiodTeff + hiiTeff1pl1p2- 

The energy-momentum tensors T^^ and T^^ with spin 2 
are constructed from ■01 and ip2 respectively, and T^^^a 
is constructed from these two spinor fields. They are 
constructed as 



• Solution 1 



T^2 = dlp2ll^2, 



(45) 
(46) 
(47) 



Plugging these linear bases into the OPE relations 
we obtain the result: 

/ii = /i2 = -5, ^3 = 0, /14 = 1, 

/li = (i = 5- 11), Ci=0, Co = 2, Ce// = 1. 

In this solution, it can be seen that T^^^^ ^^id ^0 vanish. 
The energy- momentum tensor T^ff contributes central 
charge 1. 

After constructing the explicit forms of the linear bases 
To, Jo and Wo, we substitute them into (|16p and obtain 
a realization of the W2,3, algebra as follows: 



7i 



\/6i 



It is worth remarking that the currents T and W above 
generate W2,3 algebra with central charge C = 2. 



B. Realizations for the VKi,2,4 algebra and the W2,4 
algebra 

For the linear Wi^2,4 algebra, the bases take the fol- 
lowing form 

To = Te// + fciT^j^ + fc2T02 + ^3Tv)n/'2 1 
Jo hi!i^2, (48) 
Wo = 0, 

where T^^, T^^ ^-nd T^n/,2 are given by (P5|) - (|Tf|) . This 
case give a precise Romans realization of the Wi^2,i alge- 
bra, where the basis Wo is set to zero. 

Plugging these linear bases into the OPE relations , 
we obtain two solutions: 



fci — /S2 — — ^, fcs — — fc4 — — 1, 

Cefj - ^(ISCf + bCih^ Cl-Ai), 
Co = 1 + 55(85C2 + bCih^Cl - 48). 



(49) 



• Solution 2 
fci = k; 

Ceff = ^(13C2 + 5Ci/^ycF- 
Co = 1 + ^(85C2 + 5Cih^ 



2 = -5, h = ^> ^4 = 1, 



(50) 



The central charges Co of both solutions depend on Ci , 
and this gives realizations of the linear Wi_2,4 algebra at 
arbitrary central charge. Then two new realizations of 
the W2.4 algebra from these solutions can be obtained 
immediately. The first one is given by 



T = Teff-^diji^i-^d^2i^2 

-^dipitp2 ~ ^ipidip2, 



(51) 



W = -- 



1 



- 2{3a^ - 59Ci)Teffipidij2 



1560a \ 

+118Te//9^/'iV'i - 2(3o2 - 59Ci)Te//9Vii/'2 

-hll8CiTe//97/'2V'2 - 9(a^ - 32Ci)V'i5Vi 

-Aa^dTeffipiip2 + 2989V2'9V'2 

-(59 + 2a^ ~ 20^01 + 59Cl)dipiipidip2'4'2 

-(27a2- 894Ci)aVi'9^V'2 

+298d'^i!idijji - {27a^ - 8MCi)d^Tjjidip2 

+2989^7/;i0i + (9a2 - 298Ci)9^ViV'2 



-298d^'ilj2^2 - 596d^T, 



118T 



(52) 



The second is 



T = Teff - ^d^Jitpi - ^dtp2'ip2 

-^dtpiip2 - ^tpidip2, 



(53) 



W = -- 



1 



+ 2(3a2-59Ci)Te//Vi5V'2 



1560a' 

+ 118Te//9ViV'i + 2(3a2 - 59Ci)Te//9ViV'2 

-hll8CiTe//(9V2V'2 + 9{a^ - 32Ci)V'iaVi 

-4a2aTe//V'iV'2 + 2989V29?/'2 

-(59 -t- 2a^ - 2a^Cf + 59Ci )9ViV'ii9V'2V'2 

-f(27a2 - 894Ci)9Vi5V2 

+298d'^ipidijji - (27a2 - 894Ci)9Vi9V'2 

+2989^7/;iV'i - (9a2 - 298Ci)9Vi^2 



-2989^2^2 - 5969^T 



118T 



(54) 



Different from the cases of scalar realizations, the results 
here give two spinor realizations of the W^2,4 algebra for 
an arbitrary central charge. 
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VI. CONCLUSION 

In this paper, we obtained the explicit field realizations 
of the linear Wi,2,s algebras and the non-linear W2^s alge- 
bras with double-scalar and double-spinor, respectively. 
Owing to the intrinsic nonlinearity of W2.S algebras, it is 
hard to construct their field realizations. However, it is 
proved that the non-linear W2^s algebras are contained in 
the linear Wi^2,s algebras with three currents Jq, Tq and 
Wq as a subalgebra. With this fact, we first constructed 
the linear bases of the Wi.2,s algebras. Then making a 
change of basis, we obtained several explicit field realiza- 
tions of the non-linear W2,s algebras. All these results 
imply a symmetry under 0i <-!■ (/>2 or -01 <-> ^p2■ This 
method overcomes the difficulty of realizations for a non- 
linear algebra. 

The spin-s current Wq of Wi^2,s algebras was consid- 
ered to be a null current and can be set to zero, then the 
realizations of W2,s algebras obtained from linear W^i,2,s 
algebras are called Romans-type realizations. In fact, it 
is not necessary to set the current Wq to zero. In our 
constructions, we first listed the most general forms of 
linear bases Jo, Tq and Wq with correct spin. Plugging 
these forms into the OPEs p^ . we found that all the 
coefficients of Wq vanished for the non-zero constant ^. 
These results suggest that there exists no non-Romans- 
type realization of W2,s algebra if we use double-scalar 
or double-spinor only. However, we expect that there 
exist non-Romans-type realizations of W2,s algebras at 



some value of central charge and more details would be 
investigated in our future work. 

We can also see that all these realizations satisfy 
C — Cq, i.e., the central charge of the W2,s algebras 
are equal to the central charge of the Wi,2,s algebras, 
which is caused by the assumption T = Tq. The cen- 
tral charge C takes some special values for the double- 
scalar realizations and the double-spinor realizations of 
the M^2.3 algebras, while it depends on the value of Cifor 
the double-spinor realizations of the W2.4 algebra. We 
also showed that there is no such realization for the W2.3 
algebra at central charge C — and for the W2,4 al- 
gebra at C = -24, i, and since the W2^s 
algebras are singular at these values of central charge. 
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